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Solutions to tutorial exercises for stochastic processes

T1. Consider 0 =1 and 7:=inf{t > 1 : B, =0}. Then o < 7 and
E[BY =1>0=E[B?.
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T2. We use the Markov property to find
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Since f” € L' we can apply Fubini’s theorem to find
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E'[X, | F.] = _5/ f"(Bu)du + EP*[f(B,_)] — 5/ EP[f"(B,)]du. (1)
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We now focus on the integrand of the last term. Let p(t,z,y) = ﬁ exp (— (z —y)?/2t)
be the normal density, then by using integration by parts twice we find

EP[f"(B,)] = /Rp(u,Bs,y)f”(y)dy
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The normal density p(t, z,y) = — exp (— (x — y)2/2t) satisfies the differential equation
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%p = %%p, so that
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f(y)dy.

We again use Fubini’s theorem:

t—s t—s

= lim (p(t — s, Bs,y) — p(e, By, y))f(y)dy

e—0 R

= E”[f(B.—)] ~ lim E™[f(B.))
= ]EBS [f(Bt—s)} - f(Bs)7



T3.

where we use the dominated convergence theorem in the last step. Combining this with
(1) gives

E°[X; | Fs] = f(Bs) — %/08 1"(By)du.

We define the stopping time 7 := inf{t > 0 : X; # x}. Let 0 < s < t. The tower property
gives

PP (1 > t) =P°(7 > t,7 > s) = E* [E*[Lrony Lirssy | Fs) | = E¥ [Lirs ) B7 [Lrany | FS]]-
The Markov property gives

P*(1 > t) = E* [L(rn ) B [Lirsts) © 0| Fi]]
=[E* [ﬂ{ws}EXs [1{7>t75}”
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Since the above functional equation holds for all 0 < s < ¢, it follows that
P*(7 > t) = exp(—ct),

for some ¢ > 0, since P*(7 > ¢t) < 1.



